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HAUSDORFFNESS FOR LIE ALGEBRA HOMOLOGY OF
SCHWARTZ SPACES AND APPLICATIONS TO THE
COMPARISON CONJECTURE
AVRAHAM AIZENBUD, DMITRY GOUREVITCH, BERNHARD KRO¨TZ,
AND GANG LIU
Abstract. Let H be a real algebraic group acting equivariantly with
finitely many orbits on a real algebraic manifold X and a real algebraic
bundle E on X . Let h be the Lie algebra of H . Let S(X, E) be the space
of Schwartz sections of E . We prove that hS(X, E) is a closed subspace
of S(X, E) of finite codimension.
We give an application of this result in the case when H is a real spher-
ical subgroup of a real reductive group G. We deduce an equivalence of
two old conjectures due to Casselman: the automatic continuity and the
comparison conjecture for zero homology. Namely, let pi be a Casselman-
Wallach representation of G and V be the corresponding Harish-Chandra
module. Then the natural morphism of coinvariants Vh → pih is an iso-
morphism if and only if any linear h-invariant functional on V is contin-
uous in the topology induced from pi. The latter statement is known to
hold in two important special cases: if H includes a symmetric subgroup,
and if H includes the nilradical of a minimal parabolic subgroup of G.
Note the erratum in the end.
1. Introduction
In this paper we start to develop the theoretical background for com-
parison theorems in homological representation theory attached to a real
reductive group G.
The algebraic side of representation theory for G is encoded in the theory
of Harish-Chandra modules V . These are modules for the Lie algebra g of G
with a compatible algebraic action of a fixed maximal compact subgroup K
of G. According to Casselman-Wallach (see [Wal92, Chapter 11] or [Cas89]
or, for a different approach, [BK14]) Harish-Chandra modules V can be
naturally completed to smooth moderate growth modules V ∞ for the group
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G. Somewhat loosely speaking one might think of V , resp. V ∞, as the
regular, resp. smooth, functions on some real algebraic variety.
Fix a subalgebra h < g. As V ⊂ V ∞ we have natural maps
Φp : Hp(h, V )→ Hp(h, V
∞) .
If h is a real spherical subalgebra, then Φp is conjectured to be an iso-
morphism for all p. Note that Hp(h, V ) is finite dimensional (see Section 4).
If h is a maximal unipotent subalgebra then this conjecture is the still not
fully established Casselman comparison theorem (see [HT98] for G split).
We show that for the case p = 0 this conjecture is equivalent to a general-
ization of the Casselman automatic continuity theorem. Namely, we prove
the following theorem.
Theorem A (See §4). Let H ⊂ G be a real spherical subgroup and h be its
Lie algebra. Let V be a Harish-Chandra module and V ∞ be its smooth glob-
alization. Then H0(h, V
∞) is separated (Hausdorff) and finite-dimensional,
and the natural homomorphism
Φ0 : H0(h, V )→ H0(h, V
∞)
is an epimorphism. Furthermore, it is an isomorphism if and only if any h-
invariant linear functional on V is continuous in the topology induced from
V ∞.
In §4 we prove a generalization of this theorem that concerns H0(h, V ⊗χ),
where χ is any tempered character of H .
Since the automatic continuity of h-invariant functionals was shown in
several cases in [BK14, vdBD88, BD92], we obtain the following corollary.
Corollary B. [See §4] If either H contains a symmetric subgroup of G fixed
by an involution that commutes with the Cartan involution or H contains
the unipotent radical of a minimal parabolic subgroup of G then Φ0 is an
isomorphism.
The main part of Theorem A is the statement that H0(h, π) is separated
and finite-dimensional. By the Casselman subrepresentation theorem it re-
duces to the case of principal series. This case in turn is a special case of
the following statement.
Let H be a real algebraic group. Let X be a real algebraic manifold and E
be a real algebraic vector bundle over X . Assume that H acts equivariantly
on X and E . Let S(X, E) be the space of Schwartz sections with respect to
E −→ X . Then S(X, E) is a nuclear Fre´chet space and H acts smoothly on
S(X, E). Let h be the Lie algebra of H .
Since the action of H on S(X, E) is smooth, the space S(X, E) becomes
an h-module. Equipped with the quotient topology, each homological space
Hi(h,S(X, E)) becomes a topological vector space. The main theorem of this
paper is:
Theorem C (See §3). Suppose that the number of H-orbits in X is finite and
let χ be a tempered character of H. Then H0(h,S(X, E) ⊗ χ) is separated
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and finite-dimensional. In other words, the subspace hS(X, E) ⊂ S(X, E)
(where the action of h is twisted by χ) is closed and has finite codimension.
Remark. We do not know whether the assumption on χ being tempered is
necessary. Some evidence that the assumption may be superfluous in the case
of nilpotent H can be found in [CHM00].
1.1. Structure of the paper. In Section 2.1 we give the necessary prelimi-
naries on nuclear Fre´chet spaces, Schwartz functions on Nash manifolds, and
the homological behaviour of inverse limits.
In Section 3 we prove Theorem C. In order to sketch the proof let us
assume that the character χ is trivial. We first prove it for the case of tran-
sitive action, in which we show that all the homologies of S(X, E) are finite-
dimensional. We prove this using relative de-Rham complex with Schwartz
coefficients, similarly to the proof of the Shapiro lemma.
To deduce the theorem, we first note that any morphism of Fre´chet spaces
of finite corank is a strict morphism. We also note that the dual space to
H0(h,S(X, E)), i.e. the space S
∗(X, E)h of h-invariant tempered distribu-
tional sections of E on X , was shown to be finite-dimensional in [AGM],
using a theorem by Bernstein and Kashiwara from the theory of D-modules.
Thus, the finite-dimensionality of H0(h,S(X, E)) is equivalent to its separat-
edness.
We prove both statements by induction on the number of orbits. The in-
duction step follows from the statement that for any closed orbit Z ⊂ X , the
homology H0(h,S(X, E)/S(X \Z, E)) is finite-dimensional. By a generaliza-
tion of E. Borel’s lemma, the space S(X, E) has a decreasing filtration F i
by closed subspaces, such that F i/F i+1 = S(Z, Ei), for some real algebraic
bundles Ei on Z,
⋂
F i = S(X \ Z, E) and
(1) S(X, E)/S(X \ Z, E) ∼= lim
←
S(X, E)/F i.
It was shown by Grothendieck that under certain conditions homology com-
mutes with inverse limits. In our case, these conditions are satisfied by the
finiteness of the dimension of the homologies of S(Z, Ei). Thus, (1) implies
(2) H0(h,S(X, E)/S(X \ Z, E)) ∼= lim
←
H0(h,S(X, E)/F
i).
Since the dimension of H0(h, lim
←
S(X, E)/F i) is bounded by the dimension
of S∗(X, E)h, we get that the sequence H0(h,S(X, E)/F
i) stabilizes and its
inverse limit is finite-dimensional.
In Section 4 we deduce Theorem A from Theorem C and the Casselman
subrepresentation theorem. We also deduce from [KS2] that, under some
genericity assumption (see (4)), all the homologies Hp(h, V ) are finite di-
mensional for any Harish-Chandra module V .
1.2. Acknowledgements. We would like to thank Eitan Sayag and Joseph
Bernstein for fruitful discussions, and the anonymous referee for useful re-
marks.
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2. Preliminaries
2.1. Nuclear Fre´chet spaces. Let us begin with a brief recall on some
standard facts about nuclear Fre´chet spaces. For more details we refer the
reader to [CHM00, Appendix A].
A topological vector space V is called separated or Hausdorff if {0} ⊂ V is
closed. Non-separated topological vector spaces typically arise as quotients
V/U where U ⊂ V is a non-closed subspace of a topological vector space V .
If V is a topological vector space, then we denote by V ′ its topological
dual, that is the space of continuous linear functionals V → C. We endow
V ′ with the strong dual topology (i.e. the topology of uniform convergence
on bounded sets) and note that V ′ is a separated topological vector space.
If T : V →W is a morphism of topological vector spaces, then we denote
by T ′ : W ′ → V ′ the corresponding dual morphism. A morphism T : V →W
is called strict, provided that T induces an isomorphism of topological vector
spaces V/ ker T ≃ imT .
In this paper we consider Nuclear Fre´chet spaces, NF-spaces for short. If F
is a NF-space and E ⊂ F is a closed subspace then both E and F/E (in the
induced and quotient topologies respectively) are NF-spaces. Moreover, any
surjective morphism of Fre´chet spaces is open (see [Tre67, Theorem 17.1]).
Thus, a morphism of NF-spaces is strict if and only if it has closed image.
The following lemma says that morphisms of finite corank are always strict.
Lemma 2.1.1 ([CHM00, Lemma A.1]). Let T : E → F be a continuous
linear map between NF -spaces. Assume that the image imT is if finite
codimension in F . Then T is a strict morphism.
In this paper we will consider homologies of modules over a Lie algebra
h, as the homologies of the corresponding Koszul complexes. In particular,
H0(h, V ) = Vh := V/hV . If V is a topological vector space then we consider
the quotient topology on this space. The main results of this paper say that
in some important cases this topology is separated.
2.2. Schwartz spaces on Nash manifolds. Nash manifolds are smooth
semi-algebraic manifolds. Nash manifolds are equipped with the restricted
topology, in which open sets are open semi-algebraic sets. This is not a
topology in the usual sense of the word as infinite unions of open sets are
not necessarily open sets in the restricted topology. However, finite unions
of open sets are open and therefore in the restricted topology we consider
only finite covers. In particular, if E over X is a Nash vector bundle it means
that there exists a finite open cover Ui of X such that E|Ui is trivial. A Lie
group G is called a Nash group provided that G is a Nash manifold and all
group operations being Nash maps. For more details on Nash manifolds we
refer the reader to [BCR98, Shi87] and for details on Nash groups to [Sun15].
Schwartz functions are functions that decay, together with all their deriva-
tives, faster than any polynomial. On Rn it is the usual notion of Schwartz
function. We also need the notion of tempered functions, i.e. smooth func-
tions that grow not faster than a polynomial, and so do all their derivatives.
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For precise definitions of those notions we refer the reader to [AG08]. In this
section we summarize some elements of the theory of Schwartz functions.
Fix a Nash manifold X and a Nash bundle E over X . We denote by S(X)
the Fre´chet space of Schwartz functions on X and by S(X, E) the space of
Schwartz sections of E . We collect a few central facts:
Theorem 2.2.1. (1) S(Rn) = Classical Schwartz functions on Rn. See
[AG08, Theorem 4.1.3].
(2) The space S(X, E) is a nuclear Fre´chet space. See [AG10, Corollary
2.6.2].
(3) Let Z ⊂ X be a closed Nash submanifold. Then the restriction maps
S(X, E) onto S(Z, E|Z). See [AG08, §1.5].
(4) If α is a tempered function on X then αS(X, E) ⊂ S(X, E). See
[AG08, Proposition 4.2.1]. One can show that this is a defining prop-
erty of tempered functions.
Proposition 2.2.2 ([AG08, Theorem 5.4.3]). Let U ⊂ X be a (semi-
algebraic) open subset, then
S(U, E) ∼= {φ ∈ S(X, E)| φ is 0 on X \ U with all derivatives}.
In particular, extension by zero defines a closed imbedding S(U, E) →֒ S(X, E).
Proposition 2.2.3 (Partition of unity, [AG08, §5]). Let X =
⋃n
i=1 Ui be a
finite open cover of X. Then there exists a tempered partition of unity , i.e.
tempered functions {λi}
n
i=1 on X such that 1 =
∑n
i=1 λi and Supp(λi) ⊂ Ui.
Note that Proposition 2.2.2 implies that for any Nash bundle E over X
and any Schwartz section f ∈ S(X, E), the section λif is a Schwartz section
of E on Ui (extended by zero to X).
Let Z be a closed semi-algebraic subset of X . Denote
SZ(X, E) := S(X, E)/S(X − Z, E).
Here we identify S(X − Z, E) with a closed subspace of S(X, E) using the
description of Schwartz functions on an open set (Proposition 2.2.2). Note
that this notation differs from the notation in [AG08, AG10, AG13], but
matches the notation common in sheaf theory.
To obtain a feeling for the objects SZ(X, E) let us consider the case of the
trivial bundle and Z = {pt} a point. Then S{pt}(X) = S(X)/S(X − {pt})
and Proposition 2.2.2 implies that there is a well defined injective map (the
Taylor series map at the point pt) into the ring of power series in n = dimX
variables:
S{pt}(X)→ C[[x1, . . . , xn]] .
The contents of Borel’s Lemma is that this map is surjective. Note that
the formal power series have a natural structure as projective limit. The
generalization of Borel’s lemma now reads as:
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Lemma 2.2.4 (See [AG13, Lemmas B.0.8 and B.0.9]). Let Z ⊂ X be a
closed Nash submanifold.
Then SZ(X, E) has a canonical countable decreasing filtration by closed
subspaces SZ(X, E)
i satisfying:
(1)
⋂
SZ(X, E)
i = {0}.
(2) gri(SZ(X, E)) ∼= S(Z, Sym
i(CNXZ )⊗E), where CN
X
Z = (TX|Z/TZ)
∗
denotes the conormal bundle to Z in X.
(3) The natural map
SZ(X, E)→ lim
←
(SZ(X, E)/SZ(X, E)
i)
is an isomorphism.
The following universal finiteness bound is a key technical tool for this
paper:
Theorem 2.2.5 ([AGM, Theorem D]). Let a real algebraic group H act on a
real algebraic manifold X with finitely many orbits. Let h be the Lie algebra
of H. Let E be an algebraic H-equivariant bundle on X. Then, there exists
C ∈ N such that for every character χ of h we have
dimS∗(X, E)(h,χ) < C.
We now recall some facts from de-Rham theory with Schwartz coefficients.
For more details see [AG10, §3].
Notation 2.2.6. [cf. [AG10, Definition 3.2.1]] Let π : F → X be (Nash)
locally trivial fibration of Nash manifolds, and E a (Nash) vector bundle on
X. We denote by TDRES(F → X) the twisted relative de-Rham complex
with coefficients in Schwartz sections of E , i.e. the complex whose entries
are S(F, π∗(E) ⊗ ΩkF/X ⊗ OrientF/X), where Ω
k
F/X is the bundle of relative
differential forms and OrientF/X is the relative orientation bundle.
If X is a point and E is one-dimensional we use TDRS(F ) instead of
TDRES(F → X).
The following version of the de-Rham theorem follows from [AG10, The-
orem 3.2.2] and Poincare duality.
Theorem 2.2.7. In the notations above, the cohomologies of TDRS(F →
X) are S(X, E ⊗ HiF→X) where H
i
F→X are the bundles on X such that for
x ∈ X the fiber HiF→X |x is canonically isomorphic to the singular homologies
Hdim(pi−1(x))−i(π
−1(x),R).
Theorem 2.2.8 (see [AG10, Theorem 2.4.15]). Let M be a Nash manifold.
Then all the homology groups Hi(M) are finite dimensional.
Lemma 2.2.9 (see [AGS15, Lemma A.0.7]). Let H be a Nash group. Then
the de-Rham complex DRS(H) is isomorphic to the Koszul complex that
computes the homologies of S(H).
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2.3. Inverse limit and Lie algebra homologies. In this paper we only
consider inverse limits sequences {Vn} parameterized by non-negative inte-
gers, with maps ϕn : Vn+1 → Vn. The inverse limit functor is left-exact on
any abelian category that admits countable direct products, but in general
not exact. We will now define a well-known class of acyclic sequences, called
Mittag-Leffler sequences.
Definition 2.3.1. Let · · · → Vj+1 → Vj → · · · → V0 be a sequence of
objects of some abelian category. Let ϕij denote the map Vi → Vj obtained
by composition. We say that this is an ML sequence if for any fixed j, the
images of ϕij stabilize, i.e. there exists i0 such that for any i > i0, we have
Imϕij = Imϕi0j.
Clearly, if all the maps ϕn are epimorphisms then {Vn} is an ML sequence.
Another important example of ML sequence is any sequence in the category
of finite-dimensional vector spaces.
We will need the following lemma.
Lemma 2.3.2 ([Gro61, Chapter 0, Proposition 13.2.3]). Let
· · · → K•j+1 → K
•
j → · · · → K
•
0
be a sequence of complexes of abelian groups. Suppose that for any n, the
sequence
· · · → Knj+1 → K
n
j → · · · → K
n
0
is ML, and that for some p, the sequence of cohomologies
· · · → Hp−1j+1 → H
p−1
j → · · · → H
p−1
0
is ML. Then the natural map
Hp(lim
←
K•j )→ lim
←
Hp(K•j ).
is an isomorphism.
Applying this to the Koszul complexes of h-modules we obtain the follow-
ing corollary.
Corollary 2.3.3. Let . . . ։ Vj+1 ։ Vj ։ . . . ։ V0 be a sequence of h-
modules and epimorphisms between them. Suppose that for some p and any
j, Hp(h, Vj) is finite-dimensional. Then the natural map
Hp−1(h, lim
←
Vj)→ lim
←
Hp−1(h, Vj)
is an isomorphism.
Proof. For any j, let K•j denote the Koszul complex of Vj, parameterized in
the opposite direction, in order to make the indexing compatible with the
previous lemma. Since tensoring with a finite-dimensional vector space is an
exact functor, all the maps in the sequence
· · · → Knj+1 → K
n
j → · · · → K
n
0
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are onto for any n, and thus this sequence is ML. Since the homologies
Hp(h, Vj) are finite-dimensional, they also form a ML sequence. Thus the
statement follows from Lemma 2.3.2. 
3. Proof of Theorem C
Let H be a Nash group. A (continuous) character χ : H → C× is called
tempered provided χ is tempered as a function on H .
Remark 3.0.4. (a) All unitary characters are tempered. If H is a unipotent
group, then a character χ is tempered if and only if χ is unitary. If H is a
reductive algebraic group, then all characters are tempered.
(b) If χ is a tempered character, then the self map f 7→ χf on S(H) is an
isomorphism. This follows from Theorem 2.2.1(4).
In the sequel all characters to be considered are required to be tempered.
Further we use the same symbol χ for the derived infinitesimal character
dχ : h→ C of the Lie algebra h of H . All occurring infinitesimal characters
of h in this paper are requested to exponentiate to a tempered character of
H .
3.1. Case of transitive action. The goal of this section is to prove the
following proposition.
Proposition 3.1.1. Let H be a Nash group and Z be a transitive Nash
H-manifold. Let E be a Nash H-equivariant bundle over Z and χ be a
tempered character of H. Then all the homologies Hp(h,S(Z, E) ⊗ χ) are
finite-dimensional.
Definition 3.1.2. We call an h-module V homologically finite if Hp(h, V ) is
finite-dimensional for any p and i-homologically finite if Hp(h, V ) is finite-
dimensional for any p ≤ i.
Lemma 3.1.3. Let
C : · · · → 0→ Cn−1
dn−2
→ . . .
d0→ C0 → 0→ · · ·
be a bounded complex consisting of homologically finite h-modules. Fix i ≥ 0
and assume that Hj(C) is i-homologically finite for any j > 0. Then H0(C)
is i+ 2-homologically finite.
Proof. We prove the statement by induction on the length n of C. Let
k ≤ i+ 2. We need to show that Hk(h,H0(C)) is finite-dimensional. Denote
Ip := Im dp for all p. The short exact sequence
0→ I0 → C0 → H0(C)→ 0
gives rise to the long exact sequence
· · · → Hk(h, I0)→ Hk(h, C0)→ Hk(h,H0(C))→ Hk−1(h, I0)→ · · ·
We know that Hk(h, C0) is finite-dimensional and thus it is enough to show
that Hk−1(h, I0) is finite-dimensional. The short exact sequence
0→ H1(C)→ C1/I1 → I0 → 0
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gives rise to the long exact sequence
· · · → Hk−1(h,H1(C))→ Hk−1(h, C1/I1)→ Hk−1(h, I0)→ Hk−2(h,H1(C))→ · · ·
We know that Hk−2(h,H1(C)) is finite-dimensional and thus it is enough to
show that Hk−1(h, C1/I1) is finite-dimensional. Let Dp := Cp+1 and consider
the complex
D : · · · → 0→ Dn−2 → · · · → D0 → 0→ · · · .
Note that Hp(D) = Hp−1(C) for any p > 0 and H0(D) = C1/I1. By the induc-
tion hypothesis Hk−1(h,H0(D)) is finite-dimensional. Since Hk−1(h, C1/I1) =
Hk−1(h,H0(D)) the lemma follows. 
Proof of Proposition 3.1.1.
Case 1. Z = H ; E and χ are trivial.
By Lemma 2.2.9, the Koszul complex of S(H) is the de-Rham com-
plex with Schwartz coefficients of H , and thus by Theorem 2.2.7
the homologies of S(H) equal the homologies of H as a topological
space, that are finite by Theorem 2.2.8.
Case 2. Z = H ; E and χ are arbitrary.
As all H-equivariant vector bundles on H are trivial we obtain with
Remark 3.0.4(b) that S(H, E) ⊗ χ ≃ S(H) ⊗ V for some finite-
dimensional vector space V with trivial action of H .
Case 3. General case.
Let Z = H/L with L < H a Nash subgroup. With F = H this
yields a locally trivial fiber bundle F → Z, h 7→ hL with orientable
fibers isomorphic to L. Recall that TDRES(F → Z) denotes the
twisted relative de-Rham complex of F over Z with Schwartz co-
efficients (see Notation 2.2.6). Let HiF→Z be the bundles on Z
given by Theorem 2.2.7. Note that H0F→Z is a line bundle and let
E ′ = E ⊗ (H0F→Z)
∗.
We will prove by induction on i that S(Z, E)⊗χ is i-homologically
finite for any bundle E and character χ. As the base we take i = −1.
Let C be the chain complex given by
Ck := TDR
E ′
S (F → Z)
dimF−dimZ−k.
By Theorem 2.2.7 the homologies of C are S(Z, Ei), for certain Nash
bundles Ei, where E0 = E . Thus the homologies of C⊗χ are S(Z, Ei)⊗
χ. Hence the induction hypothesis implies that for any j, Hj(C ⊗χ)
is i−1-homologically finite. By the previous case the complex C⊗χ
consists of homologically finite h-modules. Therefore, Lemma 3.1.3
implies that S(Z, E)⊗χ, which equals H0(C ⊗χ), is i-homologically
finite.

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3.2. General case.
Lemma 3.2.1. Let a real algebraic group H act on a real algebraic manifold
X with finitely many orbits. Let h be the Lie algebra of H. Let E be an alge-
braic H-equivariant bundle on X. Let Z ⊂ X be a closed G-orbit. Consider
the filtration SZ(X, E)
i of SZ(X, E) as in Lemma 2.2.4. Then there exists
C ∈ N such that for every character χ of h and any i we have
dimH0(h,
(
SZ(X, E)/SZ(X, E)
i
)
⊗ χ) < C.
Proof. Fix i and set Fi := SZ(X, E)/SZ(X, E)
i. According to Lemma 2.2.4,
SZ(X, E)/SZ(X, E)
i has a finite decreasing filtration F ji := SZ(X, E)
j/SZ(X, E)
i,
0 ≤ j ≤ i, with quotients isomorphic to S(Z, Symj(CNXZ )⊗ E). By Propo-
sition 3.1.1, H0(h,S(Z, Sym
i(CNXZ )⊗E)⊗χ) is finite-dimensional. This im-
plies that H0(h,SZ(X, E)/SZ(X, E)
i⊗χ) is finite-dimensional. By Lemma 2.1.1
this homology space is separated. Thus, it has the same dimension as its
dual space, which in turn naturally embeds into the space S∗(X, E)(h,−χ),
whose dimension is bounded by Theorem 2.2.5. 
Lemma 3.2.2. Let Z ⊂ X be a closed H-orbit and U be the complement to
Z in X. Then (S(X,E)/S(U,E))(h,χ) is finite-dimensional.
Proof. Let SZ(X, E)
i ⊂ SZ(X, E) = S(X,E)/S(U,E) be as in Lemma 2.2.4.
By Lemma 2.2.4, S(X,E)/S(U,E) = lim
←
S(X,E)/SZ(X, E)
i. By Lemma 2.2.4
and Proposition 3.1.1, Hp(h, (S(X,E)/SZ(X, E)
i)⊗χ) are finite-dimensional,
and by Corollary 2.3.3,
H0(h, lim
←
S(X,E)/SZ(X, E)
i ⊗ χ) ≃ lim
←
H0(h,S(X,E)/SZ(X, E)
i ⊗ χ).
By Lemma 3.2.1, the dimensions of H0(h,S(X,E)/SZ(X, E)
i ⊗ χ) stabilize.
Since for any i, the natural map
H0(h,S(X,E)/SZ(X, E)
i+1 ⊗ χ)→ H0(h,S(X,E)/SZ(X, E)
i ⊗ χ)
is onto, the sequence H0(h,S(X,E)/SZ(X, E)
i ⊗ χ) stabilizes and thus its
limit is finite-dimensional. 
Proof of Theorem C. We prove the theorem by induction on the number of
orbits. If this number is zero the statement is trivial. Otherwise, let Z
denote a closed orbit and let U denote its complement. Then we have the
short exact sequence
0→ S(U,E)→ S(X,E)→ S(X,E)/S(U,E)→ 0
and the right-exact sequence
H0(h,S(U,E)⊗χ)→ H0(h,S(X,E)⊗χ)→ H0(h,S(X,E)/S(U,E))⊗χ)→ 0.
The space H0(h,S(U,E) ⊗ χ) is finite-dimensional by the induction hy-
pothesis and the space H0(h,S(X,E)/S(U,E))⊗χ) is finite-dimensional by
Lemma 3.2.2. Thus, the space H0(h,S(X,E)⊗χ) is also finite-dimensional.
It is then separated by Lemma 2.1.1. 
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4. Relation to Comparison Theorems
In this section we let G be an algebraic real reductive group. We fix
a maximal compact subgroup K. We let M(G) denote the category of
smooth admissible (finitely generated) Fre´chet representations of moderate
growth and M(g, K) denote the category of admissible (finitely generated)
(g, K)-modules. For π ∈ M(G) let πHC ∈ M(g, K) denote the space of
K-finite vectors. By the celebrated result of Casselman and Wallach (see
[Cas89, Wal92, BK14]) the functor π 7→ πHC is an equivalence of categories.
The aim of this section is to study the relations between this equivalence of
categories and restrictions to subalgebras of g.
An algebraic subgroup H < G is called real spherical if the action of a
minimal parabolic subgroup P on G/H has an open orbit. We recall that
real sphericity implies that the double coset space P\G/H is finite [KS1].
Typical examples for real spherical subgroups are the nilradicals of minimal
parabolic subgroups, and symmetric subgroups.
Note that the inclusion mapping πHC →֒ π yields a morphism in homology
H•(h, π
HC) → H•(h, π). For instance if H is the unipotent radical of a
minimal parabolic subgroup, then the Casselman comparison theorem (see
[HT98] for the case of split G) asserts that these two homology theories
coincide. In this section we generalize some aspects of this theorem.
4.1. Comparison for the zero homology.
Theorem 4.1.1. Let H ⊂ G be a real spherical subgroup, and χ be a char-
acter of H. Let π ∈ M(G). Then
(i) The space π(h,χ) := H0(h, π ⊗ χ) is separated and finite-dimensional.
(ii) The natural homomorphism
Φ0 : H0(h, π
HC ⊗ χ)→ H0(h, π ⊗ χ)
is an epimorphism.
(iii) Φ0 is an isomorphism if and only if the natural inclusion
i0 : H
0(h, π′ ⊗ (−χ)) →֒ H0(h, (πHC)∗ ⊗ (−χ))
is an isomorphism, where (πHC)∗ denotes the linear dual.
Remark 4.1.2. To say that i0 is onto is the same as to say that any (h,−χ)-
equivariant linear functional on πHC is continuous in the topology induced
from π. This property is called automatic continuity. It is clear that if it
holds for (h, χ) then it holds for any (h′, χ′) with h ⊂ h′, χ′|h = χ. Automatic
continuity is known to hold if χ is trivial and h is either a symmetric subal-
gebra of g fixed by an involution that commutes with the Cartan involution
(by [vdBD88, Theorem 2.1] and [BD92, Theorem 1]) or the Lie algebra of
the nilradical of a minimal parabolic subgroup (by [BK14, Theorem 11.4]).
Theorem 4.1.1 and Remark 4.1.2 imply Theorem A and Corollary B.
Remark 4.1.3. Twisted automatic continuity does not hold for general spher-
ical pairs. For example, if H is the nilradical of a Borel subgroup of G, χ is
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a non-degenerate unitary character of H and π is a principal series repre-
sentation then H0(h, π′ ⊗ (−χ)) is one-dimensional, while the dimension of
H0(h, (πHC)∗ ⊗ (−χ)) equals the size of the Weyl group, see [Kos78]. How-
ever, we do expect the twisted automatic continuity to hold provided h is
self-normalising.
For the proof of Theorem 4.1.1 we will need the following dual version of
the Casselman subrepresentation theorem (cf. [CM82, Theorem 8.21]).
Theorem 4.1.4. Let π ∈ M(G) be irreducible and let P be a minimal
parabolic subgroup of G. Then there exists an irreducible finite-dimensional
representation σ of P and an epimorphism IndGP (σ)։ π.
Here, IndGP (σ) denotes the non-normalized parabolic induction, i.e. the
space of smooth functions from G to σ satisfying f(px) = σ(p)f(x).
Corollary 4.1.5. Any irreducible π ∈ M(G) is a quotient of a principal
series representation, i.e. π = IndGP (V ⊗ψ), where P is a minimal parabolic
subalgebra of G, V is a finite-dimensional algebraic representation of the
reductive quotient M of P , and ψ is a character of M .
We will also need the following definition and well-known lemma.
Definition 4.1.6. A finite-dimensional complex representation of a real al-
gebraic group is called tempered if all its matrix coefficients are tempered
functions.
Note that a finite-dimensional algebraic representation is always tempered,
and the tensor product of tempered representations is tempered. In particu-
lar, the representation V ⊗ ψ in Corollary 4.1.5 is tempered. Note also that
the modular character of any linear real algebraic group is always tempered,
since it factors through the reductive quotient.
Lemma 4.1.7. Let (π, V ) be a finite-dimensional tempered representation
of a parabolic subgroup P ⊂ G. Let ∆P denote the modular character of P .
Let G× P act on S(G, V ) by
((g, p)f)(x) := ∆P (p)π(p)f(p
−1xg).
Then we have an epimorphism of G representations
ϕ : S(G, V )0×p ։ Ind
G
P (V ).
Proof. Fix a right-invariant Haar measure dµ on P . Let f ∈ S(G, V ). Define
ϕ¯(f)(x) :=
∫
P
π(p−1) · f(px)dµ(p).
Note that the integral converges, since f is a Schwartz function and V is
tempered.
We have to prove that
(1) ϕ¯(f) ∈ IndGP (V ), i.e. ϕ¯(f)(px) = π(p)ϕ¯(f)(x).
(2) For every α ∈ p, ϕ¯(αf) = 0.
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(3) ϕ¯ is G-equivariant, i.e. (ϕ¯(f))(xg) = (ϕ¯(h))(x), where h(x) = f(xg).
(4) Im(ϕ¯) = IndGP (V ).
Formulas (1-3) are straightforward. Let us prove (4). Let P\G =
⋃k
i=1 Ui
be an open Nash cover such that there exist Nash sections si : Ui → G of
the projection pr : G → P\G. Let f ∈ IndGP (V ). Using partition of unity
on P\G we can assume that f is supported in pr−1(Ui) for some i. Note
the support of f is P -invariant and hence it is a preimage of a compact set
S ⊂ Ui ⊂ P\G. Let h := f ◦si. Then h is compactly supported and thus h ∈
S(Ui). Thus there exists h˜ ∈ S(P×Ui, V ) such that h(x) =
∫
p∈P
h˜(p, x)µ(p).
Define f˜ ∈ S(pr−1(Ui), V ) by
f˜(g) := π(g · (si(pr(g)))
−1)h˜(g · (si(pr(g)))
−1, pr(g)).
It is easy to see that ϕ¯(f˜) = f . Indeed,
(3) ϕ¯(f˜)(x) =
∫
p∈P
π(p−1) · f˜(px)dµ(p) =
=
∫
p∈P
π(p−1)π(pxsi(pr(x)
−1) · h˜(pxsi(pr(x))
−1, pr(x))dµ(p) =
= π(xsi(pr(x)
−1)
∫
p∈P
h˜(pxsi(pr(x))
−1, pr(x))dµ(p) =
= π(xsi(pr(x)
−1)h(pr(x)) = π(xsi(pr(x)
−1)f(si(pr(x))) = f(x)

Proof of Theorem 4.1.1. (i) Assume first that π = IndGP (V ⊗ ψ) is a prin-
cipal series representation. Then by Lemma 4.1.7 we have an epimor-
phism S(G, V )(h×p,χ⊗(−dψ)) ։ π(h,χ). Since S(G, V )(h×p,χ⊗(−dψ)) is sepa-
rated and finite-dimensional by Theorem C, so is π(h,χ).
Now, note that if 0 → σ → π → τ → 0 is an exact sequence
of representations in M(G), and σ(h,χ) and τ(h,χ) are separated and
finite-dimensional, then so is π(h,χ). Conversely, if π(h,χ) are separated
and finite-dimensional then τ(h,χ) is separated and finite-dimensional.
Since any representation inM(G) has finite length, and any irreducible
representation is a quotient of a principal series representation by the
Casselman subrepresentation theorem, we get that π(h,χ) is separated
and finite-dimensional for any π ∈M(G).
(ii) The image of Φ0 is a dense subspace since π
HC is dense in π. Thus, by
(i), Φ0 is an epimorphism.
(iii) The inclusion i0 is given by restriction of the equivariant functional
on πHC. It is indeed an inclusion since πHC is dense. Since π(h,χ) is
separated and finite-dimensional, the natural pairing between it and
(π′)(h,χ) is a perfect pairing and thus dim π(h,χ) = dim(π
′)(h,χ). Similarly,
the dual space to πHC(h,χ) is ((π
HC)∗)(h,χ), and thus either they are of the
same finite dimension or they are both infinite-dimensional. Thus Φ0
is an isomorphism if and only if i0 is.
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
In fact, the space πHC(h,χ) is always finite dimensional, see [KO13]. In the
next subsection we show that the results of [KS2] imply that if K and H are
in general position then Hp(h, π
HC) is finite dimensional for all p.
4.2. Finiteness of higher homologies of Harish-Chandra modules.
Let P < G be a minimal parabolic subgroup such that PH is open in G and
let P = MAN be a Langlands decomposition for P . We will assume in the
sequel that
(4) g = h+ a+ k.
Note that for any real spherical H ⊂ G there exists a maximal compact
K ⊂ G satisfying this condition, see [KS2, §5].
We denote by U(g) the universal enveloping algebra of g and by Z(g) its
center. The following is a generalization of the Casselman-Osborne lemma
for spherical subalgebras
Lemma 4.2.1 ([KS2, Lemma 5.5]). If (4) holds then there exists a finite
subset Y ⊂ U(g) such that
U(g) = U(h)YZ(g)U(k) .
Proposition 4.2.2. Let V be a Harish-Chandra module for (g, K). If (4)
holds then
(1) V is finitely generated as an h-module.
(2) Hp(h, V ) is finite dimensional for all p.
Proof. We recall that every Harish-Chandra module is Z(g)-finite, i.e. V
is annihilated by an ideal I ⊳ Z(g) of finite co-dimension. As V is finitely
generated as an (g, K)-module there is a finite dimensional K-invariant sub-
space W ⊂ V which generates V as g-module. In view of Lemma 4.2.1, this
implies (1).
To prove (2) note that U(h) is Noetherian and thus (1) implies that V has
a projective resolution consisting of finitely generated modules. Applying
the functor of h-coinvariants to this resolution, we obtain a complex of finite
dimensional vector spaces. The homologies of this complex are isomorphic
to Hp(h, V ). 
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ERRATUM TO “HAUSDORFFNESS FOR LIE ALGEBRA
HOMOLOGY OF SCHWARTZ SPACES AND
APPLICATIONS TO THE COMPARISON CONJECTURE”
AVRAHAM AIZENBUD, DMITRY GOUREVITCH, BERNHARD KRO¨TZ,
AND GANG LIU
The following changes to the main results of [AGKL] are necessary:
(1) In Theorem A and Corollary B the following assumption is required:
the number of orbits of the complexification HC on GC/PC is finite,
where P is a minimal parabolic subgroup of G.
(2) In Theorem C the following additional assumption is required: the
number of orbits of HC on XC is finite.
Presently we do not know whether these results hold without the additional
assumptions.
The source of the mistake is in [AGM1], where the expressions “real al-
gebraic groups” and “real algebraic manifolds” are ambiguous. Moreover,
a mistake in [AGM1, Definition 1.1.1] hints to a wrong resolution of this
ambiguity, in particular in [AGM1, Theorem D]. This result entered in the
proof of Lemma 3.2.1 of [AGKL].
In [AGM1] the terms “real algebraic groups” and “real algebraic mani-
folds” sometimes mean algebraic groups and manifolds defined over R, and
sometimes real points of such. Those two meanings are not equivalent, in
particular the statement that an algebraic group G defined over R acts on
an algebraic manifold X with finitely many orbits implies the statement
that G(R) acts on X(R) with finitely many orbits, but is not equivalent to
it. Rather, it is equivalent to the stronger statement that G(C) has finitely
many orbits on X(C). In particular, in [AGM1, Theorem D] one needs
the stronger assumption (only then it follows from the Bernstein-Kashiwara
theorem, [AGM1, Thm 3.2.2]), see [AGM2]. We do not know whether this
theorem holds under the weaker assumption.
The argument in [AGKL] proves the corrected versions of the main results
(see (1,2) above), after the following revision.
(a) In sections 2 and 3, the expression “real algebraic group” has to be
replaced by “algebraic group defined over R”, the expression “real alge-
braic manifold” has to be replaced by “algebraic manifold defined over
R”.
(b) One has to introduce the following notation: for an algebraic manifold X
defined over R, a Zariski closed algebraic submanifold Z and an algebraic
bundle E over X , denote SZ(X, E) := SZ(R)(X(R), E) and S
∗
Z
(X, E) :=
Date: October 7, 2018.
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S∗
Z(R)(X(R), E), and similarly for the special cases S(X),S(X, E),SZ(X),
and their dual spaces.
(c) In the proof of Lemma 3.2.1, one has to add that the reason that Propo-
sition 3.1.1 implies the finiteness of the dimension of
H0(h,SZ(X, E)/SZ(X, E)
i
⊗ χ)
is that Z(R) is a finite union of H(R)-orbits.
(d) In section 4, G should be the group of real points of an algebraic reductive
group G defined over R, and H should be the group of real points of an
algebraic subgroup H ⊂ G. Also, each time that we require H to be a
real spherical subgroup we actually need to require the stronger condition
that H has finitely many orbits on G/P, where P is a minimal parabolic
subgroup of G defined over R.
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